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Abstract 

We construct explicit formulae for the eigenvalues of certain invariants of the 
Lie superalgebra gl(m\n) using characteristic identities. We discuss how such eigen- 
values are related to reduced Wigner coefficients and the reduced matrix elements 
of generators, and thus provide a first step to a new algebraic derivation of matrix 
element formulae for all generators of the algebra. 

1 Introduction 

The theory of basic classical Lie superalgebras was extensively developed in the late 1970s 
by Kac [TJ[2] and Scheunert et al. [3H5] , motivated not only from the mathematical view- 
point of having a wondrous generalisation of the well established theory of Lie algebras, 
but also by progress at the time in elementary particle physics and generalised Fermi-Bose 
statistics [6T4T2]. We direct the reader to an informative review of physical applications 
of Lie superalgebras that were known at the time [13]. In more recent times, Lie su- 
peralgebras continue to be of pure mathematical interest (see, for example, the book by 
Musson [H]), and lie at the heart of many applications - to give some key examples, they 
appear as symmetry algebras in M = 4 super Yang- Mills theory [TSKTB] and other super- 
symmetric integrable models [T71 - I2T] , underly logarithmic conformal field theories [22~|l2"3] 
and play a role in systems combining parafermions and parabosons [24T - T26] . Undeniably, 
Lie superalgebras have made their way into the mainstream of modern mathematical 
physics. 

In most applications, it is important to have a well-developed representation theory 
of the symmetry algebras involved. One fundamental question of representation theory 
is how to provide explicit formulae for matrix elements of generators. For Lie algebras, 
such a construction was unknown until the work of Gelfand and Tsetlin [27] 128] where 
formulae for matrix elements of simple generators for the general linear and orthogonal 
Lie algebras were obtained. They moreover introduced combinatorial presentations of 
the basis vectors, now commonly referred to as Gelfand-Tsetlin (GT) patterns. Partially 
motivated by a desire to understand the results of these two brief articles, Baird and 
Biedenharn [29] developed pattern calculus techniques in order to derive and extend the 
remarkable formulae of Gelfand and Tsetlin. Many works followed (for a very readable 
account, see the review article by Molev [30] and references therein), some of which are of 
particular interest to our present investigation, including presentations of matrix element 
formulae [25 ] [26 |l3TM3^] and branching rules [35H38] for certain classes of representations 
of a variety of Lie superalgebras. 
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There is a body of literature from the 1970s and 1980s, that was devoted to determin- 
ing characteristic (polynomial) identities satisfied by generators of Lie algebras [39TH2] . 
Curiously, such characteristic identities were noticed by Dirac as early as 1936 [43J, and 
their usefulness observed by Baird and Biedenharn jH]. Of particular note are the appli- 
cations of these characteristic identities to the derivation of reduced matrix elements [15] . 
raising and lowering generators [16] and matrix elements [lUHS], even in the context of 
infinite dimensional irreducible representations for semisimple Lie algebras [49, 50J . 

A great deal is already known about Casimir invariants of Lie superalgebras and 
their eigenvalues on irreducible representations [5TH54"] . In the current article, we seek to 
construct invariants related to reduced matrix elements and reduced Wigner coefficients, 
in a similar vein to the treatment of classical Lie algebras found in - In order 

to determine eigenvalues of these invariants on the irreducible representations, one could 
attempt to express them directly in terms of the Casimir invariants (c.f. the work of 
Green [39] for classical Lie algebras). To our knowledge, such an approach has not been 
attempted for Lie superalgebras, possibly for good reason. An alternative strategy, as 
presented in the current article, makes use of characteristic identities, and an important 
family of elements known as tensor operators. 

Tensor operators play an important role in our work, especially since they serve as 
intertwining operators (see Section H] for a more comprehensive discussion). Many text- 
books on quantum mechanics present a treatment of tensor operators in the context of 
su(2) and the Wigner-Eckart theorem (see, for example, the book by Hannabuss [57]). 
The fact that tensor operators constitute intertwining operators in more general cases 
such as Lie algebras other than su{2) [45-48, 58j|59] , quantum groups [60] and Hopf alge- 
bras [611162] , allows many of the standard results for su{2) to be extended. Discussions of 
tensor operators associated with Lie superalgebras have been presented for some special 
cases in [03 05 . and it may seem at first that the situation is not so straightforward in 
the general case. We seek to clarify this, and in doing so, explain how the eigenvalues of 
the invariants that we construct are a first step in obtaining matrix element formulae for 
the generators of gl(m\n). 

Of particular relevance to the current article is the seminal work of Jarvis and Green 
[66] where characteristic identities were developed for the general linear, special linear and 
orthosymplectic Lie superalgebras. Other works along these lines include the development 
of characteristic identities associated to the so called "strange" Lie superalgebras [57] and 
simple Lie superalgebras [68] . More recently, techniques involving characteristic identities 
have been used to study the representation theory of certain polynomial deformations 
of Lie superalgberas [69] ■ The current article is concerned with generalising the tech- 
niques employing characteristic identities satisfied by generators of the Lie superalgebra 
gl(m\n), specifically to determining eigenvalues of invariants associated with tensor oper- 
ators. These invariants are of interest since their eigenvalues correspond to the squared 
reduced matrix elements of the generators. 

The current article has two main goals: 

1. To highlight the effectiveness of the characteristic identities and the shift vector 
formalism in determining eigenvalues of certain invariants related to reduced matrix 
elements and reduced Wigner coefficients, by generalising known methods to the 
case of the Lie superalgebra gl(m\n); 
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2. To make a first step in providing the details of the derivation of matrix element 
formulae for all gl(m\n) generators on irreducible representations. 

This second goal is largely in the spirit of Baird and Biedenharn [25], ultimately aimed 
at understanding the derivation of the matrix element formula, the focus being on the 
means by which the formulae are derived, and will be the subject of future work. 

It is worth noting that our results have been obtained for any irreducible representation 
of gl(m\n), without any reference to unitary irreducible representations or their classifi- 
cation [70], for all generators (i.e. not just the simple ones), and without dependence 
on the precise branching rules. Moreover, our approach unifies and consolidates previous 
independent work of Palev [32],[33], Stoilova and Van der Jeugt [26J and Molev [34] (see 
also Tolstoy et al. [31]) into one unifying framework. 

The article is organised as follows. Section [2] introduces the basic notations used in 
the paper, and provides some basic constructions for Section [31 which establishes the 
form of the characteristic identities used throughout. Section [4] discusses tensor operators 
in a graded context, paving the way for Section [5] which introduces some of the main 
objects of our study - vector operators and their shift components. Section [6] looks at 
the branching rules associated with the subalgebra inclusion gl(m\n + 1) D gl(m\n) and 
establishes necessary conditions in the form of betweenness conditions. The key result 
of Section E] is given in Theorem [2J It turns out that our approach does not require 
precise branching rules, and Section [7] is a culmination of this fact and other results 
from the preceding sections, where we construct certain invariants. We demonstrate 
the complexities inherent in adopting the naive approach to evaluating the eigenvalues 
of these invariants by attempting to express them in terms of the Casimir invariants 
of gl(m\n + 1) and gl(m\n). We then follow up with the more elegant approach using 
characteristic identities and vector shift operators to determine eigenvalue expressions. 
The main results are presented in Theorems [3] and |4] and Corollary [5j Section [7J also 
provides some motivation, in the context of unitary representations, for investigating 
these particular invariants by considering reduced matrix elements and reduced Wigner 
coefficients. 

2 Preliminaries 

Throughout we adopt the graded index notation of Jarvis and Green [50], where Latin 
indices 1 < i, j, k, £,...< m are always assumed to correspond to "even" labels and Greek 
indices 1 < /i, v, . . . < n are assumed "odd" . We associate with even and odd indices the 
parity factor 

(i) = 0, (/i) = l. 

This in fact corresponds to the standard Z 2 -gradation for the vector representation. Oc- 
casionally we find it convenient to introduce ungraded indices 1 < p, q,r, s, . . . < m + n 
for the sake of uniformity of exposition. 

The gl(m\n) generators E pq (1 < p, q < m + n) satisfy the graded commutation 
relations 

[E pq , E rs ] = 5 qr E ps - (-l)^ + ^ (r ^5 ps E rq , (1) 
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where the graded commutator is given by 

[ J -'pqi - LJ rs\ J -'pq J -'rs \ ^ J J -'rs J - J pq- 

Note in particular that this bracket satisfies graded antisymmetry, i.e. 

[E pq ,E rs ] = -(-l)^+^ + ^[E rs ,E pg ). 

A basis for the Cartan subalgebra H of gl(m\n) comprises the set of mutually commut- 
ing generators E pp whose eigenvalues are employed to label the weights occuring in the 
representations. Following Kac pQ , we may expand a weight in terms of the fundamental 
weights Si (1 < i < m) and 8^ (1 < fj, < n), which provides a convenient basis for H*. 
Indeed we may expand a weight A G H* as 

m n 
i=l M=l 

With this convention, the root system is given by the set of even roots 

±(£i - ej), 1 < i < j < m, 
±(<^ — S v ), 1 < < v < n, 

and the set of odd roots 

±(e i -5 fi ), 1 < z < m, l<fi<n. (2) 

A system of simple roots is given by the distinguished set 

{ei - £ i+ x, e m - 5i, 5^ - 8^+1 | 1 <i <m, 1 < fi< n} . 

The sets of even and odd positive roots are then given, respectively, by 

®o = {?i ~ £j \ ~L < i < j < m} U {5^ - 5 U \ I < /j, < v < n}, 
$| = {si - 5^ | 1 < % < m, 1 < fx < n}. 

We set p to be the graded half-sum of positive roots, i.e. 

^ m 1 " 

= 2 J2( m - n - 2 i + ^3 + 2 + n-2u + 1)5,. (3) 

j=l u=l 

Every finite dimensional irreducible representation of gl(m\n) is a Z2-graded vector 
space 

V = V ®V U 

(so that v e Vj implies the grading (v) = j for j = 0, 1) and admits a highest weight 
vector, whose weight A uniquely characterises the representation. We denote the associ- 
ated irreducible highest weight module by V(A) and the associated representation by n\. 
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Relative to the Z 2 -grading, it is assumed, unless stated otherwise, that the highest weight 
vector v A has an even grading, i.e. v A G V(A)o. Components of the highest weight A 
satisfy the lexicality conditions 

Ai - Aj e Z + (1 < i < j < m), Af, - A u e Z + (1 < ^ < v < n), 

but we note that Aj + A M may be any complex number. As a simple example, the funda- 
mental vector representation is denoted V(ei) using this notation. 

The fundamental vector representation ir ei of gl(m\n) is (m + n) dimensional with a 
basis { \p) | 1 < p < m + n} on which the generators E pq have the following action: 

E PQ \ S ) = S qs \P) , 

so that 

(r\ E pg \s) = 5 qs (r\p) = 8 qs 8 pr 

or alternatively 

This gives rise to a non-degenerate even invariant bilinear form on gl(m\n) defined by 

m n 

(x,y) = str(7r £1 (xy)) = ^^(xy)^ - n £l (xy)^, 

i=l fi=l 

where str denotes the supertrace given in [2J. In particular we have (sum over repeated 
indices) 

(E pq ,E rs ) = (-l) (s) 5 qr S ps , (4) 
which leads to a bilinear form on the fundamental weights 

{ei,Ej) — 8ij, (e i ,5^) = 1 (S^,5 U ) = -5^ U , 
which in turn induces a non-degenerate bilinear form on our weights A given by 

m n 

(a,a') = ^a j a:-^a,a;. (5) 

i=l M=l 

Note that the left dual basis of {E pq } under the form (jl]) is given by {(— i)^E qp }, i.e. 

(( 1) ^ E/ rS j Ep q ^ 3qr&ps- 

It follows that the second order universal Casimir invariant is given by 

h = (-l)^E pq E qp , (6) 

(summation over repeated indices assumed) which is a well-defined element of the univer- 
sal enveloping algebra U of gl(m\n). Indeed, it may be verified directly that I2 is central, 
i.e. 

hE rs — E rs I 2 = 0. 
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We can expand I 2 as 



1,3 x,n fi,u 



Since I 2 is central, it must take a constant value on any (standard cyclic) highest weight 
module. For a module with highest weight vector v corresponding to highest weight A we 
have 



n A (I 2 )v = E ^{EjiEi^v - E ka(E^E^)v - E '*h{E vtl E l 

j<i v<pu 
mm m 

= E A%v + y^(m - (2i - l))AjV -n^AjV 

i=l i=l i=l 



E A ^ - E( n - - *)) v> - E A 2 



so that the eigenvalue of I 2 , denoted Xa(^) is given by 

m n 

XA(h) = j2 A i( A i+ m - n - 2i + i )-J2 A ^ A ^ +m+n ~ 2 i 2+1 ">- 

i=l ^=1 

Making use of equations ([3]) and ([5]), this may be conveniently expressed 

XA (/ 2 ) = (A,A + 2p). (7) 



3 Characteristic identities 

If 7Tg denotes a finite dimensional irreducible representation of gl(m\n) with highest weight 
9, we may construct the tensor matrix A 6 with algebraic entries 

< J = -E(- 1 ) (ff)+(W+(fl))W ^(^r)^ 

where {e a } is a fixed homogeneous basis for the gl(m\n) module V(8). Acting on a finite 
dimensional irreducible gl(m\n) module V(A) the matrix A 6 may be expressed in the 
invariant form 

A 6 = -- \(Ti e ® 7r A )(A(/ 2 )) - 7x e {h) <8> / - J ® tt a (/ 2 )] , 

where A : U — > U ® U is the usual coproduct on the universal enveloping algebra {/, 
and / denotes the identity matrix on V(A), V(0) respectively. If #1, 9 2 , ■ ■ ■ , 9k denote the 
distinct weights occurring in V(9), it follows from previous work of Gould |68J that the 
tensor matrix A e satisfies the following polynomial identity on V(A): 

k 

H(A e - ai ) = 

i=i 
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where 

"i = —[Xh+eXh) - Xe{h) - Xh{h)\ 

= 1(6,6 + 2p)-^(9 l ,6 l + 2(A + p)). (8) 

We are concerned here with the vector representation ir £l (with 9 — £\) in which case 
the tensor matrix A 61 is given by 



^ = -E(- 1 ) (s)+((r)+(s))(f,) ^(^)^ 



pq-^sr 
= _(_l)(p)h) Sflpj 

where indices 1 < p, q < m + n are assumed ungraded. We thus obtain what we call the 
gl(m\n) adjoint matrix: 

A* = A£ = -(-l)^E qp . (9) 

The weights in the representation n £l are of the form Ei (1 < % < m), 5^ (1 < // < n) 
from which it follows that the adjoint matrix A satisfies the characteristic identity 

m n 

l[(A-a l )l[(A-a^ = (10) 

i=l M = l 

when acting on an irreducible gl(m\n) module V(A), where the adjoint roots a^o^ are 
given, in accordance with equation ([8]), by 

= ~[XA+e r (h) ~ X{h) - X\{h)} 

where x{h) = m — n is the eigenvalue of I2 on the vector representation. Using equation 
([3]) we thus obtain 

= ~[x\+eXh) +n-m- XA(h)] 
= ~l;l( £ ii £ i) + 2(£j, A + p)+n-m\ 

= i-l-Ai. (11) 
Similarly for the odd adjoint roots we obtain 

= -TjlXA+s^h) + n-m- Xa(^)] 

= A M + m+l-/i. (12) 

To construct the gl(m\n) vector matrix we take tt to be the triple dual of the vector 
representation (viz. n = n*** ) defined by 
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Our previous construction for the matrix A 9 with 7ig replaced by n yields the gl(m\n) 
vector matrix 

A\ = -^(-l) (s) + (W+(s))( ^(i^ P ^ 

r,s 

= (-l) (p) E Pq - (13) 

The weights occurring in tt are the — £$(1 < i < m),— 8^(1 < p < n) from which it 
follows that acting on the irreducible gl(m\n) module V(A), the matrix A satisfies the 
characteristic identity 

m n 

l[(A-a i )Yl(A-a li ) = (14) 

i=l fi=l 

where our characteristic roots are given by 

®i = ~bu-ei(h) +n-m- XA(h)} 

= Ai + m — n — i, 1 < i < m, (15) 

a M = —^bCA.-e^h) +n -m- Xh{h)] 

= p — A M — n, 1 < p < n. (16) 

We remark that in the above we used the fact that the eigenvalue of I2 in the representation 
7r is given by 

X(h) = m-n } 

which is the same as the eigenvalue in the vector representation. 
Remarks: 

1. Note that 

oii - a M + 1 = (A + p,£i - Sp) = -(ati - a^+l). 

For atypical irreducible representations [2], we have 

(A + p, ei -<y M ) = 0, (17) 

so that the equation = + 1 (or = + 1) for some i and p serves as an 
atypicality condition in terms of the characteristic roots. Equation (fT7j) also implies 
that 

o-i - = (A - Si + p, Ei - <5 M ), 
o-i - «/i = ~(A + Si + p,Si - 8^). 
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2. In the case we take Tig = 7r* (the dual of the vector representation) we obtain a new 
matrix, referred to as the double adjoint: 

Aj-q ( 1) ^ E r q ( 1)^ ^ ^ A r q. 

This is the matrix appearing in the work of Jarvis and Green [66J. If p(x) is any 
polynomial we have (e.g. by induction on the degree of p(x)) 



p (X) = (-l)^p(A) rq 

V / rg 



so that A and A satisfy the same characteristic identity. Equations (fT5|) and ffTol) 
agree with the roots obtained by Jarvis and Green using different methods, except 
that equation (Tl6|) correctly replaces —p. with p in the formula of Jarvis and Green. 

3. We also have a triple adjoint matrix defined by 

X q v = {-l)^+^A p q 

which satisfies the same characteristic identity as A. Note that the matrix A (resp. 
A) is simply related to A (resp. A) by the gl(m\n) grading automorphism. 

4. Polynomials in A and A are defined recursively according to 

(A k+1 Yg = A \ = J2 AP r ( Ak )\ 

r r 

r r 

4 Tensor operators 

Let V(A) be a finite dimensional irreducible gl(m\n) module with highest weight A and 
let 

T : V(A) ®V — > W 

be a (surjective) intertwining operator of degree (r) where V and W are gl(m\n) modules: 

7r w (E pq ) T = T (tt a ® n)A(E pq ) 

where 7r (resp. nw) is the representation of gl(m\n) afforded by V (resp. W). Now let 
{e a } be a homogeneous basis for V(A). Then we may define a collection of operators 
{T a }, called a tensor operator, operating on V according to 

T a v = T(e a ® v) , Wv e V 

with T as above. We have, for arbitrary v e V, and homogeneous x G (?/(m|n) 

x T a v = 7r^(x) T (e a (g> u) 

= (-l)WWT(^ A (x) (8) tt(/) + 7r A (J) ® 7r(x))(e Q <g) u) 

= (-1) W(T) T (^(x)^ ® i; + (-l) (a)W e Q ® 7r(x)u) 

= ((-l)W«7r A (x)^^ + (_i)(«)(W+(«))T Q x) t;. 
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Note: We have utilised the summation convention over repeated indices. We will 
adopt this convention throughout the paper. 

Thus, by abstraction, we define an irreducible tensor operator of rank A and degree (r) 
as a collection of components {T a } transforming according to 

[x,T a ] = {-l)WK A (x) fia Tf j (18) 

where (x) is the degree of x G gl(m\n) and the graded bracket on the left hand side is 
given by 

[x,T a ]=xT a -{-l)WW + ™T a x. 

In the special case where = n £l is the vector representation we obtain the transforma- 
tion law of vector operators ip r (1 < r < m + n): 

[E M ,Vl = (-l) W((p)+(9)) 7r £l (E M ) s ^ s 

If (ijj) = (resp. 1) we call ip an even (resp. odd) vector operator: the case (i/j) = 
corresponds to the definition of vector operator given by Jarvis and Green [SB]. In the 
case that 7Ta = 7T* is the dual of the vector representation we obtain the transformation 
law of contragredient vector operators <p r ( 1 < r < m + n) : 

[E^fa] = (-l) W((p)+(9)) <(i? pg ) sr( /» s 

where 

= -(-l)^HW)^ 

=► [Epg, cf> r ] = -(-l)((rt+W)(W+W) 5pr ^ (19) 

If (0) = (resp. 1) we say that <fi is an even (resp. odd) homogeneous contragredi- 
ent vector operator. Our main concern here, is with gl(m\n) vector and contragredient 
vector operators, whose transformation laws are given above. We should remark that if 
we take tt\ in equation ffl8l) to be one of the tensor representations, then appropriate 
transformation laws for higher order tensor operators can be given. 
Remarks: 

1. If -0 r is a vector operator then 

ft = (-i)( r y 

also constitutes a tensor operator whose components ip r transform according to the 
double dual tt** of the vector representation n ei . Similarly if <p r transforms as in 
equation (fl9~|) then 

4> r = (-l) {r Ur 

constitutes a tensor transforming as the triple dual tt*** of the vector representation 

2. An odd vector operator is equivalent to an even vector operator but with a reversal 
of the Z 2 -grading in the vector representation. 
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5 Vector operator shift components 

Since ip p transforms as the vector representation 7r £l it follows that the gl(m\n) adjoint 
matrix (Q acts naturally on the right of i/j: 

^Ay = va*. (20) 

We may then proceed to resolve ifi into its shift components via the use of projections 



1=1 £* = 1 

where the shift components ifj[r] are constructed as follows (single ungraded index notation 
in use): 

iP[r] p = ^ q P[r] q p \<r<m + n (21) 

where 



m+n 

p[r\ = n ( 



( A - a k 



is the appropriate projection operator constructed using the characteristic identity (ITUj) . 

Before proceeding we show that the shift components (|21|) of a vector operator indeed 
constitute a vector operator. Using a simple induction argument, since P[r] is a polyno- 
mial in A, it suffices to show that if ifj p is a homogeneous vector operator, then so too 



is 



(^4)p = ip g A p = -{-l)^ q) i) q E pq . 



We have 



ps 



[E pq ,(^Ay] = -(-i)««[£ K ^%,] 

= _(_i)WW ([E pq ,r}E rs + (-l)(W+W)(W+W))f[£ M) £„]) 
= _(_]_)(»•)(*) ^s^p ^_^((p)+(q))(i!) ^ _|_ ^_^((p)+(g))((*)+M),0*_£j 

_^(_ 1 )(W+(?))((0+W)^^ r J 

= _^_]_^((p)+(?))W+(p)(«) 

= (-1)^)+W)W^(^) P . 

Thus if) A is also a homogeneous vector operator of degree (-0). Alternatively note that 
P[r] determines an intertwining operator and hence so too does ip[r] = ipP[r]. It follows 
that the components of ip[r\ must also determine a vector operator of the same degree. 
Remark: 
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At this point we highlight the fact that for certain irreducible representations, the 
characteristic roots may coincide (consider a r = at in the above formula). This is 
related to the occurrence of atypical irreducible representations in the tensor product 
of V(ei) <S> V(A) or V(si)* ® V(A). The set of A for which this happens, however, is 
closed in the Zariski topology [71 J on H*. Therefore the roots of the characteristic 
identity are distinct on an open and hence dense subset of H*. Hence without loss 
of generality, we will make the assumption that the roots are distinct throughout 
the remainder of the paper unless otherwise indicated. In fact it can be shown 
that under this assumption, the tensor products V{s\) ® V(A) and V(si)* ® V(A) 
are completely reducible (see Appendix B for details). Furthermore, it is worth 
remarking that the invariants to be evaluated in this paper determine (rational) 
polynomial functions which are continuous in the Zariski topology. Note however, 
care needs to be taken when applying our formulae, by first cancelling terms in 
numerators and denominators where appropriate. 

From the previous work of Gould [H], the above shift components fT2"T]) effect the 
following shifts in the representation labels A: 

ip[z] : Aj -)> Aj + Sij (1 <i,j <m), 
i/j[fj] : A v -)> A u + S v/Ji (1 < fi, v < n), 

the remaining labels remaining unchanged. 

In a similar way, if 4> p is a contragredient vector operator then the matrix A acts 
naturally on the right of (f>: 

(M) p = M^)\ = (-i) (p)+(9) <MV 

Thus we obtain the resolution 

m n 

0p = X>[i] P + X>Mp (22) 

i=l M = l 

where 

<P[r] p = (-l)^U q P[r]\ (23) 
where our gl(m\n) vector projectors are given by 

m+n , . s 

p H = n ( 

In this case the shift components (|23|) effect the following shifts on the representation 
labels: 

4>[i] : Aj — > Aj — (1 <i,j< m) 
4>\p] : A u -)■ A v - (1 < (M, v < n), 
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the other labels remaining unchanged. 

We remark that the shift components (1221) of a contragredient vector (fi r indeed con- 
stitute a contragredient vector, in a similar way to the case of vector operators. 

The results above all hold regardless of whether our vector operators are even or odd. 
However the matrices which act on the left of vectors and contragredient vectors will 
depend explicitly on their degree (odd or even). We shall be primarily concerned with 
odd vector and contragredient vector operators in this paper so we shall concentrate on 
them in the following (although an analogous formalism can be set up for the even case 
(r) = 0). 

It turns out that odd vector (and contragredient vector) operators appear naturally 
in discussing the Lie superalgebra embedding gl(m\n + 1) D gl{m\n). Throughout the 
remainder of the paper we assume, unless otherwise stated, that ip r (resp. (f> r ) denotes a 
gl(m\n) odd vector (resp. odd contragredient vector) operator. That is, we assume the 
transformation laws 

We note that the graded brackets on the left hand side are given by 

[E m ^ r \ = E pq f - (-1)«^»(M+V£ W 
= _(_l)((p)+W)(M+i)[^ )jBw] 

and similarly 

[^^ r ] = -(-l)^ + ^ +1 )[0 n ^], 

since we are assuming that (ip) = 1 = (0). 

Since the matrix A acts naturally on the right of ifj p we have 

(Mf = ^A q p 

= -(-i) (p)(9 V% g 

= _(_i)<P)(*) ([^,E pq ] + (-i)i(p)+m(^] Epq ^) 

= (-l)W([E pq ,ifl\-E pq i?) 
= (-l)^5^-(-l) {p) E pq ^ 
= (m-n- A) p q ijj q 

It follows that the gl(m\n)_ matrix A acts naturally on the left of odd vector operators 
(while the double adjoint A acts naturally on the left of even vector operators). 
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Similarly, for contragredient vectors <j) p we have 
(<M) P 



-l) {p) <t> q E qp 

-l)^U[^.^] + (- 1 ) {(p)+{a))((ff)+1) ^) 



It thus follows that the matrix A acts naturally on the left of odd contragredient vectors. 
Thus we may project out the shift components of ip and (ft from the left according to 



V4rf = P[rY q r, Mp = P[r] P q <f> q 



(24) 



where P[r], P[r] are the projection operators previously constructed in terms of the ma- 
trices A, A respectively. 



6 Branching conditions for gl(m\n+ 1) Z> gl(m\n) 

We now seek to determine necessary conditions for the branching rule gl(jn\n + 1) J, 
g/(m|n). They turn out to be similar in appearance to the betweenness conditions of 
[21)] for example, but here we give a detailed proof of the necessary condition (but not 
sufficient) in a more general setting. 

We first establish some notation. We set 

L = gl(m\n + 1) = L_ © L © L + 

where 

L = gl(m)®gl(n + 1), 

and similarly 

L = gl{m\n) © gl(l) = L_ © L © L + 

where 

L = gl(m)@gl(n)@gl(l). 
We also introduce the L -modules 

K + = span {E^m+n+t}^ K_ = span {# m+n+1)i }™ 1 

so that 

L± = L± © K±. 
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We now recall some facts about the representation theory of the algebra L. First, 
every finite-dimensional irreducible L-module V(A) with highest weight 

m n+1 

A = ^ Aid + 

i=i 

admits a Z-gradation 

V(A) = ^(A) (25) 

i=-d 

in which case we say that V(A) admits d+ 1 levels. Here, Vo(A) is called the maximal Z- 
graded component which constitutes an irreducible Lo-module of the same highest weight. 
We also observe that the decomposition §?o§ is in fact an L -module decomposition. 

Next we note [2] that any such irreducible Lq- module Vo(A) admits an invariant inner 
product ( , ) which extends in a unique way to an invariant non-degenerate sesquilinear 
form ( , ) on all of V(A) which satisfies the symmetry 

(v,w) = (w,v) , Wv,w G V(A) 

and the invariance condition given by 

(av,w) = (v,a'w) , Va G L (26) 

where f is the conjugation operation defined on L by 

Such an invariant sesquilinear form has all the properties of an inner product except it is 
not necessarily positive definite. When it is, we call V(A) unitary of type 1. 
Remarks: 

1. We may define matrix elements, Wigner coefficients etc. even for non-unitary irreps 
in the usual way - except we work with a non-degenerate sesquilinear form ( 12 6 j) 
rather that an inner product. 

2. We also have another conjugation operation on L defined by 

(E n y = (-l)^E qp . (27) 

Then V(A) also admits a unique invariant non-degenerate sesquilinear form ( 126]) 
with respect to the conjugation operation (1271) . When this form is positive definite 
we call V(A) unitary of type 2. It can be shown [70J that the two types of unitary 
irreps are related by duality. 
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We observe a number of properties of the form ( , ) of equation (T2"6"j) . First the decom- 
position (j25p is orthogonal with respect to the form. Next V(A) decomposes into a direct 
sum of irreducible L and L modules. Two irreducible L (respectively Lo) modules with 
different highest weights are necessarily orthogonal under the form. 

Before we present the main result of this section, we first note from the PB W theorem 
that 

V(A) = U(L_)V (A) 

= U(L-)U(K-)V (A) 

= U{LJ)W{A) (28) 

where 

W{A) = U{KJ)V Q {A). 
This leads to the following useful Lemma. 

Lemma 1 Let ^ v + G V(A) be an L-maximal weight vector. Then we have 

(v + ,W(A))^(0). 

Proof: Otherwise we would have 

(0) = {U(L + )v +t W(A)) 
^ (v + ML-)W(A)) 

#<« + ,v(A)> => v + = o, 

a contradiction. ■ 

We are now in a position to prove our main result: 

Theorem 2 Let v + e V(A) be an L-maximal weight vector of weight 

m n 

A = ^A iei + ^A^. 

i=l M = l 

Then: 

(i) The components of A must satisfy the betweenness conditions 

A M > A M > A M+ i , l<n<n 

A t > Ai > Ai - 1 , 1 < i < m. (29) 

(ii) v + is the unique (up to scalar multiples) L-maximal weight vector in V(A) of weight 
A. 
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Proof: To prove the theorem we note that VT(A) of equation (1281) gives rise to a 
L -module and decomposes into a direct sum of irreducible L submodules 

W (A) = 0y o (A) (30) 

A 

with highest weights A which satisfy precisely condition (i) of the theorem. 

If i> + has weight v then it cyclically generates an irreducible L -module Vq(u) of the 
same highest weight. It follows that v must occur in the decomposition of (|30|) (that is, v 
must satisfy the betweenness conditions {%) of the theorem) else V§{y) would be orthogonal 
to VF(A) in contradiction to Lemma [TJ This proves part (i) of the theorem. 

As to part (ii), let v + be as above and let Vq G I^(A) be the unique (up to scalar 
multiples) maximal weight vector in VF(A) with highest weight v. Suppose ^ w + G V(A) 
is another L highest weight vector of the same highest weight v. Then from Lemma [T] we 
must have 

KX)t^o , («+X)^o. 

Now consider the L-maximal vector 

v+ = (w + ,Vq)v + - (v+,Vo)w + . 

By construction we have 

(v + y ) = o 

^ (v+M")) = (v+,W(A)) = (0) 
v + = 

by Lemma [TJ This proves that w + = kv + , with 

= ( w +, v o) 

and hence we have proved part (u) of the theorem. ■ 

For the irreducible gl(m\n)-modu\e V(A) occuring in the irreducible gl(m\n + 1)- 
module V(A), Theorem Estates that the conditions ( 12 9 p must be satisfied by the highest 
weights. Therefore the significance of Theorem [2] is that the conditions (129]) are necessary, 
but not sufficient, so we refer to them as branching conditions. For an alternative per- 
spective on the branching rule which we believe will give the reader some deeper insight, 
see the discussion in Appendix A. 

7 Invariants and their eigenvalues 

Throughout we let tjj p denote the odd gl{m\n) vector operator ijj p = (— l)^E Ptm+n+1 
(1 < p < m + n) and we let (f) p denote the odd gl{m\n) contragredient vector operator 
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(j) p = (— E m+n+ i ;P . There are two natural gl(m\n) invariants we can construct from 
these vector operators, namely, for 1 < r < m + n, 



lr = (-1)^0M^M 9 = (-l) (9 V^bf = E m+n+l ^[r}\ 
7 r = iP[rMr] q = r<l>lr} q = (-l) (p) E p , m+n+1( p[r] p , 



(31) 
(32) 



where, as usual, if)[r} q , <fi[r] q denote the shift components of if) q ,(j) q respectively. To see 
that these operators do indeed constitute invariants, consider the following, noting that 
we only consider 1 < p, q < m + n: 

[E pq ,j r ] = [Epg, E m+n+ltS tp[r] s ] 

= [E pq ,E m+n+1> Mr] s + (-l) ({p)+(9)){1+(s)) i? m+ „ + M[i? pg ,^[r] s ] 

= _^(_i)((p)+W)(i+W)£; m+n+1) ^[ r ]^ + (-l)(Cp)+W)(i+W)^^^ 1|a (_i)W+W^[ r p 

= -(-l) i{p)+1)iq) E m+n+1 ,Mr} P + E m+n+1 ^[rf = 0. 

A similar calculation can be done in order to determine 

[E pq ,y r ] = 0. 

Our interest in these invariants stems from the fact that, by analogy with the normal Lie 
algebra situation (see e.g. [IS]), their eigenvalues determine the squared reduced matrix 
elements of the gl(m\n + 1) generators ijj p and 4> p respectively. 

As motivation, consider the matrix elements of the ifj p , in a unitary (star) representa- 
tion of gl(m\n + 1) [70J. Using a notation reminiscent of [58], and keeping in mind f l2Tj) 
and these matrix elements may be expressed 



where 



A + E r 

X 



A 



tf)[r] 



A 
X' 



(A + e r |H|A> 



A + S r 

X 



A 
A' 



A' 



denotes a suitable orthonormal basis for the gl(m\n) module V (A) C V(A) 



concerned, {e p } is a basis for the vector representation, and (A + £ r ||<0||A) is the reduced 
matrix element. Furthermore, let V^(A) be a unitary representation such that 



from which we obtain 

y ) <p[r] q m p 



A 
X" 



ip^[r\ p = (f)[r 



x 



A 
A' 



A + £ r 

A 



A + e r 
X 



X 



|<A + ep |M|A)| s 



A 
A' 



P[r] 



A 
X" 



(33) 
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At this point we find it instructive to introduce the gl(m\n + 1) matrices 

Wn = (-i)(p) Enn , (34) 



B q 



-l)(p)(q)E, 



<#<• 



l<p,q<m + n + l 



and the corresponding gl(m\n + 1) characteristic roots fi r and fi r (1 < r < m + n + 1), 
determined by analogy with equations ffTTT) . f[T2j) . ffTol) and ffTol) . and which evaluate on 
an irreducible gl(m\n + l)-module ^(A) to 

fii = i - 1 - A i5 
/3„ = A M + m + 1 - 

/?i = Aj + m — n — 1 — i, 
fin = ix - A M - n - 1, 

with 1 < z < m and 1 < // < n + 1. We then also have the associated projection operators 



Q[r] 



m+n+l 

n 



B-(3 k 

fir -/3 k 



, Q[r] 



m+n+l 

n 



B-fi k 

fir-fik 



It is our aim here to evaluate the invariants (13TT) and (|32i) as rational polynomial 
functions in the gl(m\n) and gl{m\n + 1) characteristic roots. 

Note first that the (m + n + 1, m + n + l) entries of the projection matrices, 



Q[r 



m+n+l 



m+n+l ' 



0[r] 



m+n+l 



m+n+l 



1 < r < m + n 



(35) 



clearly determine (even) invariants of gl(m\n) whose eigenvalues, by analogy with the 
Lie algebra situation [37], are given by certain gl(m\n + 1) D gl(m\n) reduced Wigner 
coefficients. 

To demonstrate this point by way of example, note that in the context of gl(m\n + 1), 
using a basis of the unitary gl(m\n + 1) module V(A) symmetry adapted to gl(m\n), we 
have 



Q[r) P 9 



In particular, setting p 





e q ® 





^AA'^A'A" 




-"m+n+l 




where we have used the fact that c r leaves the representation labels of gl(m\n) unchanged. 
Thus the invariants c r (and similarly c r ) determine squares of reduced Wigner coefficients. 
Note that this is the archetypical example where the reduced Wigner coefficient and 
Wigner coefficient (c.f. coupling coefficient or Clebsch-Gordan coefficient) coincide. 



A 
A' 
A" 
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To appreciate the strength of our approach, we demonstrate some results for the types 
of invariants we are considering. Recall the recursive definition for powers of the matrices 
A and B respectively, namely 

m+n 

(A k ) P q ^J2 A r(^ k ~X' (V )"^)' l<P,q<m + n. (36) 

r=l 

and 

m+n+l 

{B%= ]T B v r (B k ~ 1 ) r q , ((B% = 6 Pq ), l<P,q< m + n + 1. (37) 

r=l 

We define the two gl(m\n) invariants occuring in gl(m\n+ 1): 

_ ( v?k\m+n+l 

Ik — V*-" ) m +n+\i 

_ rrm+n+lt Ak\at2l3 
°k — & a \^ )0 D m+n+li 

where A is the (m + n) x (m + n) submatrix of B that contains the gl(m\n) generators. It 
is worth observing that the invariants we consider below can then be expressed in terms 
of the (Jfc and r^.. 

Following Green [39J who studied similar objects associated with classical Lie algebras, 
we could adopt the approach of explicitly determining the eigenvalues of these invariants 
by attempting to express the invariants themselves in terms of the gl(m\n + 1) Casimir 
invariants Ik and the gl(m\n) Casimir invariant Ik contained in gl(m\n + 1), whose eigen- 
values in turn can be expressed in terms of the highest weights labels (see for example 
equation ([7])). The Casimir invariants are defined by 

h = (-l) {p \B k ); = (-1) WfiP B£B« . . . Bf-\ l<p,q u ..., g fe _! < m + n + l, (38) 
I k = {-l)^\A k % = (-l)®AiA%A% . . . Af~\ l<p,qi,---, ft-i <m + n. (39) 

In Appendix C, we give recursion formulae that enable us to express the a invariants 
in terms of the r invariants, and more importantly, we are also able to express the r 
invariants in terms of lower order r invariants and the Casimir invariants Ik and Ik- Some 
examples of the results of such calculations follows: 

2r 2 = (7 2 - J 2 ) + (/i - A) 2 - h + (m - n) (l x - A) , 

3r 3 = (/ 3 - / 3 ) + n (l 2 - I 2 ) + r 2 (/x - A) 

- 2(r 2 + I 2 ) - (ti + h) + 2(m - n)r 2 + (m - n)n + t 2 + (n) 2 , 
4r 4 = (ii - J 4 ) + n (7 3 - J 3 ) + r 2 (7 2 - J 2 ) + r 3 (jx - A) 

- 3(/ 3 -(m-n- l)r 3 ) - I 2 t x + hr 2 + ^t 2 - (n) 3 

+ 3((m - n - l)r 2 - I 2 + r 3 ) - ( n ) 2 + (m - n - l)(n) 2 - rj x 

- (m-n - 1)ti + h- r 2 . 
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See Appendix C for details. 

It is clear from these calculations that taking the approach outlined above for de- 
termining the invariants, or more to the point their eigenvalues, leads to complicated 
recursion relations. The results of the present article, however, completely bypass such 
complexities, and we find that we are able to present elegent eigenvalue formulae using 
the characteristic identities. 

Remark: 

Let Z be the centre of U(L) and Z the centre of U(L) for L and L Lie superalgebras 
such that L C L. In the spirit of Joseph's second commutant theorems [74] , we 
conjecture that the embedding gl(m\n) C gl(m\n + 1) is canonical, i.e. that the 

double commutant of L = gl(m\n) in U (L — gl(m\n + 1)J is precisely U(L)Z. 

Hence for this case the centraliser 

C(L) = {ti£ U(L) | ux - xu = 0, Vx e l} 

of L in U(L) is given explicitly by C(L) = ZZ. 

From the gl(m\n + 1) characteristic identity (i.e. the gl(m\n + 1) analogue of (|14p ). 
we have ( 1 < p < m + n) 

m+n+l 
q=l 

in particular 

m+n 

} j B P q Q[ r ] m + n +l + & m+n+iCr = firQ^Y m+n+H 
9=1 

which may be rearranged to give 

m+n 

^^(A-^QHVn+l (40) 

q=l 

where A is the gl(m\n) matrix and we have employed the result 

B P m+ n +i = {-l) [p) E p>m+n+l = r, l< P <m + n. 

We note that the gl(m\n + 1) 4- gl{m\n) branching rules imply that there may exist 
degeneracies between the even roots of gl{m\n + 1) and those of gl(m\n). Indeed, as we 
pointed out when the gl(m\n+l) characteristic roots were introduced, the even gl(m\n+l) 
roots are expressible in terms of the gl(m\n + 1) representation labels Aj as 

/3j = Aj + m — n — 1 — i, 1 < % < m. 
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In view of the betweenness conditions ( 12 9 j) we thus have 



* I «i- 1, A, = A, [ ' 

This suggests that we introduce the even index sets 

h = {1 < i < m | oii = fa}, I = {1 < i < m \ a { = 1 + ft} 
and the full index sets 

J = / U/i, / = /U{m + n + l} 

where I\ denotes the set of odd indices \i — 1,2, ... ,n. 

The importance of introducing the above index sets lies in the fact that if i £ Iq then 
the shift components ip[i] p must vanish on the representation of gl(m\n) concerned, since 
the label Aj, i £ 7o ; already takes its maximum value. In a similar way, the operator q, 
i £ Iq, must vanish. On the other hand, for i £ Iq, the operators (p[i] p and q must vanish 
on the representation concerned. We note also that the operators Q[i] p m+n+ i {i £ Iq) and 
Q[i] p m+n+1 (i £ Jo) must vanish on the representation of gl(m\n) C gl(m\n + 1) concerned 
by an analogous argument. 

Now inverting equation ( HO]) gives 

m+n 

i,1 



Q[r] P m+ n + i = J2(^-A)- 1 ) P q ^ 

q=l 

m+n m+n 



q=l r=l 
m+n 



^(/3 r -a r )-VH P c r 

r=l 

^(A-« s )-VN ? c ri rel 



where we have used the fact that ifj[s] p , Q[r] p m+n+l and c r all vanish for r, s £ Io, and 
where (ft — A) -1 denotes the matrix 



m+n 



(/3 r -^l)- 1 = ^(/? r -a r )- 1 P[r]. 

r=l 

It is straightforward to establish the shift relation 

(ft - a s )"VW = - a. - (-1) W ) -1 , 

which then allows us to write 

QM p m+ n + i = E^[ s W-«,-(-i) (s) )~V, rel. (42) 

se/ 
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Summing this equation over r we thus obtain 

5>m p E(& - «. - (-i) (s) rv = o (43) 

which is a direct consequence of the identity resolution 

m+n+l 

Yl Ql r Tm+n+l = Yl QVf m +n+l = ^m+n+l = °> 1 < P < m + n - 

r=l re f 

Resolving equation (I43p into shift components we obtain, in view of the linear indepen- 
dence of the ip[s] p , the following set of equations: 

J2(Pr-a s -(-l)^y 1 c r = 0, sel. (44) 

r£l 

Equation (|44p yields |/| relations in |/| = 1 + |/| unknowns c r . To uniquely determine the 
c r we need the extra relation 

^ = 1 (45) 

which follows from the identity resolution 

m+n+l 

Enf ]tn+n+l \ num+n+1 _ rm+n+1 _ i 

VL'J m+n+l — / ^ VI' J m+n+l ~~ u m+n+l ~~ 



r=l 



-6/ 



Using straightforward techniques of linear algebra, equations ( I44j) and f l45|) yield the 
unique solution 

c s = J] (A - A) -1 JJ(/3 S - Or - (-l) (r) ), seJ (46) 
which may be expressed in terms of odd and even indices according to 

Ci = o, ie 7 0j 



( 1 v n+1 n 
.cr„ V P« P? / „ /„ „_i 



We note that these formulae can be expressed independently of the index set notation as 

71+1 

r. = (n; - ), — 1)111 ; ) TT(A - V) I I ( '>, - n (/ + I). K'S 



-A-i)n ( fl _ )n^-^)" i n^-^ +i )' 

m / /9 _ # _ 1 \ n+1 n 

r = U[frr — n^-^ 1 II(^-^ + 1 )' l<A*<n+l- 

k=l V P ^ ak J v+u v=\ 
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Equation ( l4T)j) enables a uniform evaluation of all gl(m\n) invariants of the form 

n(B) m+n+1 

for arbitrary polynomials p(x), according to the spectral resolution 

Using the gl(m\n + 1) adjoint identity we similarly have 

A p q Q[r} q m+n+l + B p m+n+1 c r = M[r} p m+n+l 
which may be rearranged to give 

-<t> p c r = {fir - a);q[t] q m+n+1 , 

where we have used B p m+n+l = —{—l)^E m+n+ i yP = — P . Inverting this equation and 
resolving (p p into its shift components as before, noting in this case that 

#] P = QW P m+n+1 = o, i e J , 

we obtain 

Q[r] p m+n+1 = ~J2 MpiA -OCs- {-IPr'Cr, T E t (47) 
SEP 

where I' = I'U{m + n + l} denotes the index set given by I' = JqUJi (note that J'nJ = I\ 
is the set of odd indices). In this case, we obtain by analogy with equation (H6|) . 

C S = J] (fa ~ n (Pa 'Civ - (-1) W ) , SEf (48) 

fce/',fc^s r^ 1 ' 

and, of course, c s = for s G Jo- As in the case of the c s , we can express these formulae 
independently of the index set notation as 



, , . V &k Pi J a i 



n+1 

" -A -2), 1 < i < m, 

\ n /. — .;.-— i / -"- -■- * * 

m / _ # _i_ 1 \ n+1 n 
fc=l x r ' y^/i i/=l 

We summarise the results in the following theorem. 

Theorem 3 The gl(m\n) invariants c s and c s , as given in / T53]) . have eigenvalues on an 
irreducible gl(m\n) module, with highest weight subject to the branching conditions / flPj) . 
given respectively by equations [Jo] ) and fffi ). 
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To evaluate the invariants j r of equation (13 ip . we invert equation (j42p to obtain ijj[r] p 
(r G /) as a linear combination of the Q[sf m+n+1 (s G /). This leads us to look for the 
unique solution j rs (s G I, r G /) to the set of equations 

Y,lrs{(3 s -a q -(-l)^y lc s = ^ r,qel, (49) 
sex 

J2"?rsCs = 0. (50) 

sex 

Then for each r G /, equations (j4"9~|) and (150]) yield |/| = |/| + 1 equations in |/| unknowns 
jrs (s G /). These equations are easily solved using standard techniques of linear algebra 
and yield the unique solution 

Its = ~lr (Ps ~ OL r - (~l) (r) ) 1 , T G I, S G /, 

where 

Jr = (-lf II K-« g +(-l)W-(-l)^) -1 n(^-«r-(-l) (r) )- (51) 
g^I,q^r p£ i 

As the notation above suggests, formula (151 p determines the eigenvalues of the invariants 
f l3~T|) . as we shall now demonstrate. Multiplying equation f H2|) on the right by 7 gr , summing 
on r G / and making use of equation (j4T)]) we have 

Eqhv« + iv = 5>m p E^ (a- - (- 1 ) (s) )" 1( v 

= V4?F- 

Thus we obtain 



= (-i) (p) ^M p 

= ^(-l) (P V P QM P m+ n + lV 



re/ 



— (A" $ + + m+n+ i) Cr'fgr 

r£l 

^ ^ PrC-r^qr 
ret 

where we have used the result (— ly p '(f) p = E m+n+ljP = —@ m + n + 1 an d employed equation 
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(ISU|) in the last step. Thus we may write 

(-i)^V[ g ] P V^] p = -X>^v 

= 7, ( £>+(«*+ E * (a- - «« - (-^T 1 

\re/ rei" 
= 79, 

where in the last step we employed equations (jHJ) and fj45|) . This shows the required 
result, that the eigenvalues of the gl(m\n) invariants 



of equation (j3T|) are given by the formula (l5Tf . 

In a similar way, by employing equation f l4Tj) . we arrive at the following formula for 
the invariants j q = ip[q] p (f>[q]p of equation f )32|) : 

%=(- i ) i/ ' 1 n («< ? -^+(- i ) (9) -(- i ) (r) ) _l ri(^-^-(- i ) (9) )' ( 52 ) 

where the index sets I', I' are as in equation (TJH]). Note that for i E J 0) 7i = 0, while for 
i G Iq, 7i = 0. The remaining non-zero cases are given by equations (lo"Tj) and f lolZj) . Using 
the easily established relations 

a s + a s = m - n - /3 s + /3 s = m- n- l- (-l) (s) , 

we note that equation ( 15121 may be alternatively expressed 

%=(-i) |/ ' 1 n K-^n^-^+c- 1 )^^ 1 )' (53) 

r£l',r^q se I' 

In graded index notation, we thus obtain the following formulae for the invariants 7 r ,7 r : 
7i = 0, ie J , 

(_ I 1 \ n n+1 
ai a . _ a ) - ^ + 2 )~ x - a* + v> %ei °> 

-> n n+1 
a V a 3 / „^„ „ = 1 



Ji = 0, iG J , 

n+1 

TT / — — 1 \ "TT / \-l 

7i = 

j£l ,j^i x ' ""J ' u=l u 
n n+1 



( 1 x n n+1 

( 1 -> n n+1 
<*„-<»,■- )l[(a,-a u )- 1 ll(a,-^), 1 < /* < n. 
. . a V a 3 J , /=1 
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Alternatively, we may express these formulae independently of the index sets: 

7 = ( »,-'<,. V 1 ) TT ( — Q ^ ) TT(A' - ^ - I ) I I ('■„ - <\, - 'I) \ I S i S ill. 



my 1 \ n+1 n 

(a - «i + 1) n ( ak ~^~ ) n(& - «< - 1) iik - «i - 1 < * < 

fe^i x ' i/=l z^=l 

m s 1 \ n+1 n 

•m / ^ v n+1 n 

7< = («i - a) n ( / _ 'x 1 ) ~ a ^ ~ 1 - * - m ' 

■m r 1 v n+1 n 

% = - n - - ^r 1 : i < ^ < ». 

, -, VPfc "u "t* 1/ , . 
fc=l N ^ !/=l z^A* 

We summarise the previous discussion in the following theorem, which is analogous to 
Theorem El but for j r and %. 

Theorem 4 The gl(m\n) invariants j r and j r , as given by equations l[3l\) and l&fy re- 
spectively, have eigenvalues on an irreducible gl(m\n) module, with highest weight subject 
to the branching conditions $EB), that are either zero or given respectively by equations 
MB and EM). 



We now note, as in the corresponding Lie algebra case [45] . that 

(-l)(«ty[Tf hrV 1 #•]« = P[r] p q , r e I', (54) 
0[r] p ( 7 r)"VM 9 = ^[r]/, re/. (55) 

The above suggests that we define new invariants S r , 8 r such that 

5 r ip[r} = i>[r}j r , 6 r (j)[r] = (f)[r]j r , (56) 

in which case equations ( 154"|) and ( 155]) may be rewritten 

(-l)^[rMr] q = 5 r P[r] p q , r e (57) 
Mp^VV = 5 r P[r] p q , re I. (58) 

To justify the relevance of these equations to reduced matrix elements, compare equa- 
tion (158"]) to equation (133]) in the case of unitary representations. In such a case, this 
shows that the gl(m\n) invariants 5 r determine the squared reduced matrix elements of 
-0[r] p . We can apply an analogous argument to show the invariants S r determine the 
squared reduced matrix elements of 4>[r] p . Even in the non-unitary case, we expect these 
invariants will still determine squared reduced matrix elements. We may therefore be 
inclined to refer to 5 r ,S r as generalised squared reduced matrix elements. 

Using our formulae for 7 r ,7r, we easily obtain the following corollary to Theorem HI 
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Corollary 5 The gl(m\n) invariants 5 r and 5 r , satisfying < f55|) . have eigenvalues on an 
irreducible gl(m\n) module, with highest weight subject to the branching conditions / TfPj) . 
given by 

Sr = (-l) W J! («r-a s -(-l) (s) ) _1 n(^-«r), r G (59) 
s£l,s^r qe j 

l = J] («r-« ? + (-l)W) _1 n(^-«r + (-l) W -(-l) (r) + l),r-G/. 

(60) 

We remark that the formulae (|59p and (I6T)|) of Corollary may be expressed indepen- 
dently of the index set notation as 

m / \ n n+1 

Si = (A - at) J] ( i J - «* - ^ II(^ - 1 < * < m > 

... \Pk OLi+lJ 



m / \ n n+1 

= - n ( Z!"^! iik-^- ^ - a ^ 1 < ^ < ^ 

fc=l x r / vj^ii v=l 

m , \ n+1 n 

^ = (a - ^ + i) n ( ) - - 1) - ai - 1 ^ ^ 

fc^i N ' ^=1 i/=l 

^ = - n ?z +9 - <v + 1) - ^ + r 1 , i < * < «■ 

As a check on these equations, we note that taking the supertrace of equations (E 
and ( |58|) shows that the invariants discussed are related by 

7 r = 5 r str(F[r]), (61) 
7r = 5 P str(P[r]), (62) 

which can be regarded as defining 5 r ,5 r . We note immediately that 

5i = 0, ie I , 6i = 0, i e 7 , 



so that equations (lo9jl and (IbOjl give all the non-zero eigenvalues of the invariants 8 r , 8 r . 

Our interest here is the fact that equations (ISTj) and f )62|) enable us to evaluate the 
supertraces of the gl(m\n) projection operators and hence the eigenvalues of all gl(m\n) 
Casimir invariants, previously obtained by Jarvis and Green [BB] using other methods. 
We have 

str(P[r]) = j r 5; 1 . 

Note that strictly speaking, this formula is only valid on the Zariski dense subset as 
mentioned earlier. For more on the general case, see [72|I73]. In graded index notation, 
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we furthermore have 



n n+1 

7r- = (-l) 17 '' J] (vr-a^lliai + l-a^lliar-a^lli^-ar) 

ieT ,ijtr ielo vj^r v=\ 

n n+1 

(dr)- 1 = (-1) 171 J](a r -a, -I) Y[( ai - ar)- 1 ]J(a r - a u + 1) - «r) _1 

ielo «G^o "=1 




where in the above, we exploited the fact that /3 4 = ctj (respectively a« — 1) for i G Jq 
(respectively Jq). Equation agrees with the supertrace formula, previously derived by 
Jarvis and Green [HS], which provides a check on our formalism. Care is needed, however, 
in dealing with atypical representations. 

It follows, in view of the spectral resolution, that the eigenvalues of the superinvariants 

m+n 

4 = str(^') = £(-l) (p) {A k )\ 
P =i 

are given by 

m+n 

h= ^K) fc str(P[r]). 

r=l 

In a similar way we have the adjoint invariants 

m+n 

7 fc = str(^ fc ) = ^(a r ) fc str( J P[r]) 

r=l 

which may be evaluated with the help of the easily established formula 

8 Concluding remarks 

In this paper we have demonstrated how characteristic identities and projection techniques 
can be applied to determine certain gl(m\n) invariants in (an algebraic extension of) the 
enveloping algebra of gl(m\n+l). We have provided explicit derivations of the eigenvalues 
of such invariants on any irreducible representation, and our key formulae were presented 
in Theorems E] and H] and Corollary 

The next step will be the application of these results to unitary irreducible representa- 
tions, and the explicit derivation of the matrix elements of generators. In fact, in Section 
[7] of the current article we mention the class of unitary representations as motivation for 
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the current work, although our results are not restricted to this class. Referring to the 
classification of such irreducible representations given in [70], caution is needed since the 
tensor product of a type 1 unitary with a type 2 unitary may contain indecomposables. 
We note that the vector representation is type 1, and its dual is type 2, so based on the 
presentation in this article, we would need to present separate treatments of the cases 
where V(A) is type 1 or type 2, although the two are related via duality Indeed, the 
current article demonstrates how far one can go without making further restrictions on 
the class of irreducible representation. 

Appendix A 

To assist in understanding the properties of odd vector and contragredient vector oper- 
ators, we now construct the appropriate odd vector representation. A realisation of odd 
vector operators can be constructed by introducing a set of fermion operators 

a\, di, 1 < i < m 

and bosons 

b^bf,, l<(i<n 
according to which our gl{m\n) generators are realised by 

E i:j = ajaj, E itx = a\b^ = b\a h E^ = b\b v 

(note the reversal of grading implicit with the description). Then the operators 

X 1 = at, X " = bl 

transform as an odd vector operator. We have the rank two tensor 

T ij = a \a] = -T ji , T* = = a\b^ = T u " = b\b\ 

whose components transform as the representation (1, 1,0) of gl(m\n). The components 
of the tensor T thus satisfy 

rppq _ (_;Q((p)+l)((<?)+l)y2P_ (g4) 

The weights in the representation (1,1,0) are of the form (in the notation of Kac [2]) 

We wish to apply these results to investigate odd vector operators whose components 
commute (in the graded bracket sense). 

Hence we now assume that i/) p is an odd vector operator whose components are graded- 
commuting: 
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where the graded bracket is given by 

[i/jp,^] = ip p ip q - (_i)((p)+ 1 )(W+ 1 )^p. 
In other words, we are assuming that the components of ij) satisfy the symmetry rule 

= (_i)(G»)+i)((«)+ity«^P. (65) 

Equating even shift components of equation ( 1551) we obtain 

= (-1)«p) +1 )«9)+i)^[^^^ P) i < % < m 

It follows, in view of equation (J5JJ, that 

constitutes a tensor operator of gl(m\n) transforming as the representation (1,1,0) and 
which increases the representation labels by the weight 2ei. But this latter weight is not 
a weight of (1,1,0) so we must have 

^[f]P^[i]« = 0, 1 < i < m. 

More generally, by focusing on higher order tensors, we may establish the result 

. . . #F#] r • ■ ■ ^M s #] 9 • • • = 0, 1 < i < m. 

That is, any product of shift components of ip must vanish if there are two even shift 
indices which are equal. This result is a direct consequence of the oddness of ijj and the 
fact that its components are graded-commuting. Similarly, if <p p is an odd contragredient 
vector operator such that 

<p p <p q = (-i)^ +1 ^ +1 VA 

then 

0[i] p 0[i]q = 0, 1 < i < m 

and more generally 

. . . (f)[i\ p (p[t} r . . . (f)[u] s (f)[i) q . . . = 0, 1 < i < m. 

It turns out that these results may be applied to provide useful information on the gl(m\n+ 
1) l gl(m\n) branching conditions derived in Section [5J 

Let V(A) be an irreducible finite dimensional gl(m\n + 1) module with highest weight 

m n+1 

A = ^2 ~ k i £ i + Yl = Ao + Ai. 

i=l M=l 
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Let 

V (A) = V(A ) ® V(Ai) 

be the irreducible L = gl(m) © gl{n + 1) module which has a grading index under the 
usual Z-gradation induced on V(A) by the odd roots, i.e. 

E ifJi V (A) =0, 1 <i <m, 1 < fi <n+l. 

Then this representation decomposes into irreducible representations of gl(m) © gl{n) 
according to 

V (A) = V (A), V (A) = V(A ) © V(A 1 ) (66) 

A 

where Vo(A) is an irreducible representation of gl(m) © gl(n) and the sum is over all 
gl(m\n) highest weights 

m n 

A = Y, A i £ l + A A = + Ai (67) 

i=l M = l 

where the odd components A M are subject to the usual Gelfand-Tsetlin betweenness con- 
ditions [27]: 

K > K > Vi» ^<V<n (68) 

Applying the odd gl{m\n) lowering operators (1 < i < m, 1 < < n) to the left of 
equation fl66l) it follows that 

V(A) D (69) 

where 

W = ©V(A) 

A 

where V(A) is the irreducible module of gl(m\n) with highest weight flBTj) and the sum is 
over all A subject to the betweenness conditions (}6"8"j) . 
We now note that the ^/(m|n) generator 

p = (-l) (p) ^ m +„+i, P , l<p<m + n 

transforms as an odd contragredient vector operator of gl(m\n): 

[^,0r] = -(-l) (PK(P)+(9)) 5 p ,0< ? , 

whose components commute (in the usual graded bracket sense). Applying the gl(m\n+l) 
generators <p p (1 < p < m + n) to the left of equation (1691) we obtain 

m 
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where we have used the fact that the space Vo(A) (c.f. equation (155]) ) is stable under the 
action of the even generators M (1 < fi < n). 

We note that only the even shift components of (p make a new contribution since for 
V(A) C W we have 

MiV(A) C V (A - <y C W. 

Thus we have 

m 

V(A) = W®J2 ® - © Yl <t>^Ui)-4[mUm)W 

where S m denotes the symmetric group on m elements, and we have used the previously 
established result that no two even shift indices can occur in a product of shift components 
of an odd contragredient vector operator. 

This produces an alternative perspective to understanding the gl(m\n + 1) j. gl{m\n) 
branching conditions presented in Section [6j While the result of Theorem |2] is quite rig- 
orous, the discussion in this Appendix merely provides insight into the general branching 
rule. Indeed, the outcome of this discussion is a rough sketch of the branching rule, where 
we have overlooked complications such as the possibility that some of the gl(m\n) modules 
occurring may not be irreducible but only indecomposable (or possibly even zero). 

Appendix B 

Recall the characteristic roots 

«r = -^[XA+srih) + n - m - x\{h)] 

of the adjoint identity. We make the basic assumption that these roots are distinct or 
equivalently the numbers 

Xk+eXh) = Xa+sM, Xk+s^h) (70) 

are all distinct. 

Throughout V = Vq Vi (usual Z-grading) is the vector module (i.e V = V(si)). It 
is our aim to prove the following theorem under the assumption (ITUl) . 

Theorem 6 V"(A) is completely reducible and the allowed highest weights are of the 
form A + e r (1 < r < m + n) each occurring at most once. 

Throughout Vo(A) denotes the maximal Z-graded component of V(A) which consti- 
tutes an irreducible L -module. 

Here L denotes the Lie superalgebra gl(m\n) which admits the usual Z-gradation 

L = L_ © L © L + 

with 

L = gl{m) ®gl{n). 
We begin with the following easily established result: 
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Lemma 7 V<8>V(A) cyclically generated as an L-module by the L -submodule V^)Vq(A) 
and 

v <gi v(A) = z7(x_)y®y (A). 

Note that we have the following decomposition into irreducible Lo-modules: 

y o ®y o (A) = 0y o (A + £i ) (71) 
y 1 ®y o (A) = 0y o (A + ^) (72) 

where each module on the RHS is understood to vanish identically if one of the corre- 
sponding (A + Si) or (A + Sp) is non-dominant. The above gives rise to the following 
decomposition into irreducible L -submodules for the cyclic module of Lemma [7J 

y®yo(A) = 0y o (A + £r ). (73) 

r 

Now let ( , ) be the (unique) non-degenerate sesquilinear form on y(A) satisfying 

(av, w) = (v, a'w) , Vv, w G y(A) 

with f the usual conjugation operation on L. We recall [2] that the corresponding form 
( , ) on the vector module V gives rise to an inner product. We let ( , ) denote the form 
induced onV® y(A). 

The following Lemma will prove useful: 

Lemma 8 Let ^ v+ G V <2) y(A) be a maximal weight vector. Then (v + , V <8> Vo(A)) ^ 
(0). 

Proof: Otherwise we would have 

= (U(L + )v+,V®V o (A)) 
= {v + ,U(L„)V®V (A)) 
= (v + , V <8> y(A)) (from Lemma [7]) 
v + = 

since the naturally induced form on V <E> y(A) is also non-degenerate. ■ 

We now aim to prove the following weaker version of the Theorem above, using the 
Lemma: 

Proposition 9 Let v + G V <S> y(A) &e a maximal weight vector of weight v. Then 
(i) v G {A + e r \V < r < m + n} 

fzz^ u+ zs t/ie unique (up to scalar multiples) maximal weight vector in V <S> y(A) o/ 
weight v. 
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Proof: From the decomposition (173)) this is enough to prove part (i) of the proposition. 
As to the second part we proceed as in the proof of Theorem [2] and suppose ^ w + G 
V ® V(A) is also a maximal weight vector of the same weight v. We let Vq be the Lq 
maximal vector of the irreducible Lo-module Vq{v) C.V<S> Vq(A). Then we observe that 

V + = (Vq, w+) v + - (Vq, v+) w + 

is also a maximal vector of weight v satisfying 

(v+,V®V (A)) = (0) => v+ = 

from the Lemma, so 

W+ = KV+ , K= — r- 

which proves the proposition. ■ 

Now observe from equation (1711) that each irreducible L -module 



Vo(A + £j) C Vb <S> Vo(A) 

contains a maximal weight vector of weight A + £», which is also a maximal weight vector 
of L cyclically generating an indecomposable L-module 

V(A + e i ) = U(L^)V (A + e t ). (74) 

If V(A + Ei) is not irreducible it must contain a maximal weight vector which, in view of 
Proposition must have weight of the form A + e r , r ^ i. But then this would imply that 

Xh+eXh) = XA+e r (h), for some r ^ i 

in contradiction to our basic assumption (1701) . Hence it follows that each L-module 

V(A + Si) C U(L_)V ® y (A) = 

is irreducible. Thus we have a decomposition into irreducible L-modules 

m 

^ = 0^ + 4 (75) 
i=i 

induced by the decomposition (ITTj) . This then gives an L -module decomposition 

V ® V{A) = U(L-)V! g> Vb(A) + W. (76) 

We observe that the form ( , ) on V <S> V"(A), restricted to each irreducible L-module 
V(A + Si) is necessarily non-degenerate and that the decomposition (1751) is orthogonal. In 
view of (ITS]) it follows that the form ( , ) restricted to W is non-degenerate also. We let 
Pw be the (self-adjoint) projection onto the submodule (j75|) (which thus intertwines the 
action of L). This then gives an orthogonal decomposition of L-modules 

V g> V(A) = W © W x (77) 
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where 



W x = (1 - P W )V <g> V(A) 

® (l-iVMi-)Vi®Vb(A) 
= l/(L_)(l- J FW)Vi®Vo(A). 

We observe that 

® V (A) 

p w )l + [v 1 ®v (A)] 

iV)V <8> F (A) 
P W )W = (0) 

so that the decomposition of equation (T72|) gives 

(i - p w )Fi ® y (A) = 0(i - p w )y (A + <y 

where L+(l - P W )V Q (A + ^) = (0). 

It thus follows that if non-zero, (1 — P^)Vo(A + 5^) cyclically generates an indecom- 
posable L- module with highest weight A + 8^. As before, under our basic assumption 
( FTP]) , this module is in fact irreducible giving a decomposition of irreducible L- modules 

W ± = Q)V(A + 5,). (78) 

The proof of the theorem then follows from the decompositions fT75|) . (1771) and fT78|) . 

It is worth remarking that if we assume that the roots a r , 1 < r < m + n, of the 
characteristic identities are distinct, or equivalently that the numbers 

XA-er(h) , 1 < r < m + n 
are distinct, we may similarly prove that: 

Theorem 10 V* <g> V(A) is completely reducible with L-maximal weight vectors of the 
form A — e r (1 < r < m + n), each occurring at most once. 

Appendix C 

Here we will define two gl(m\n) invariants that play a central role in determining reduced 
matrix elements and reduced Wigner coefficients. We will show that these invariants are 
indeed subalgebra invariants by expressing them solely in terms of the Casimir invariants. 

Here we consider the characteristic matrices A and B defined in equations ffT3]) and 
(|34|) respectively. Powers of these matrices are defined recursively as given in equations 



L+(l- 

= (1- 
= (1- 
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(I3T)|) and (I37p respectively. By using induction and the gl(m\n + l) commutation relations 
we obtain 



[E p q , [B k ) r ] = (-1)(p)+(«) 8 r q (B k ) p - (-1)((p)+(9))((0+M)£p (fiky _ 



(79) 



For readability, throughout this appendix the '+' symbol will be used to denote the odd 
value m + n + 1. A special case of the above identity is then 



K {B k )\ 



or equivalently 



BJ, (B%] = (-!)« = -$+ (^) P + + <f + + . 



JO) 



(81) 



In what follows, we also use the index notation p to denote an index ranging from 1 
to m + n only. 

The invariants under consideration in this appendix are defined as 

n = (B k )X 

a k = B+{A k )pi. 

Proposition 11 The set {ti,t 2 ,t 3 , ...} is a set of commuting operators. That is, 

[t/,t*]=0 W,k (82) 



Proof: We proceed by induction. For £ — 1, equation f l82|) is seen to be valid immediately 
by applying the commutation relation given in equation fl8"T]) . 



fa ,7*]= (#)+] 

= -5t(B% + 5+ (B k )\ 
= Vfc. 



53) 



For £ > 1 we have 



[t,,t,]= [(#)+ (#)+] 

= (fl^tf [B« , (fl*)+] + (^- 2 )+ [fi*, (B k )X] B\ + {B l ~X [B« r , (B k )X] (B% 
+ ...+ [B+ [B k )%] (B^)l 

£-2 

= [bi, (B k )X] + [b;, (B k )X] (B^n + J2^' j ~X (^ fc )S 

i=i 

By use of equation (|8T|) to evaluate the commutators, one can readily show that 
i=i i=i 
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and also 

(B'-X [B q +, (B k )X\ + [B;, (B k )X] {B^)l = (B«- 1 )+ (-(B k )l + 5\{B k )X) 

+ (s;(B k )X + (B k );) (B £ -% 
= -n+k-i + n-iTh - nn-i + n+k-i 

= bi_i,Tfc]. 

We have shown that [rg, Tk] can be written in terms of commutators with lower order r 
invariants on the LHS. That is, 

e-i 

so by induction we have [ti, r k ] = since [ti, r k ] = V7c. ■ 

The next three propositions will be required when expressing r k in terms of the Casimir 
invariants. Recall the Casimir invariants I k and I k are defined in equations fl38l) and fl39l) 
respectively. Using the commutation relations f[?9l) the following result can be established: 

Proposition 12 

■m+n+l i—l 

J2 (-l)W = £ - . (84) 

p=l i=0 

Definition. The order of the term 

(-l)M(B%T Sl T S2 ...T Sj (B% 

is defined to be the sum of the powers of the £>'s within the term which in the above case 
is 

j 

1=1 

It is important to note that for sufficiently low orders, this term will degrade to two 
possible cases. The first case is when k = which gives 

J2(-^ P) (Br + r Sl r S2 . . . r Sj {B% = ^(-l) (p) ^ + r Sl r S2 . . . r Sj (B% 

p p 

= -T Sl T S2 ...T S] (B E )X 
= -T Sl T S2 . . . T S .T £ . 

The second case is s» = Vz where proposition [12] gives 

£(-1)0(B*)*t o t o . . . r (B% = J^-l^B*)* (#)+ 



J2(-l)W[(B k y + ,(B%]+T k+£ 
p 

fc-i 

\JiTk+E-i-l — Ik+e-i-l T i^J + r k+t- 



i=0 
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By repeated use of the graded commutation relations we have: 
Proposition 13 A general term of the form 

m+n+l 

(-l) {p \B k r + r Sl r S2 ...r Sj (BX 

p=i 

which is of order 

j 

M = k + i + ^Si 
i=i 

can be written as a series of terms of the form 

r a r b . . . t c and I a r b 

(and products of them) where the order of each term (and therefore the order of each r 
and I within a term) is strictly less than M. 

We are now in a position to state the two main theorems of this appendix. 

Theorem 14 The invariant r k can be written as the sum of Ij — Ij and a series of terms 
of the form 

T a r b ...t c and I a T b 

(and products of them) where the order of each term (and therefore the order of each r 
and I within a term) is strictly less than k. 

Proof: Firstly, we consider the difference of the Casimir invariants I k and I k . By defini- 
tion, we have 

h = (-lY p) (B k Y p = {-l)V>& q J3%&» . ..B?- 1 

and 

I k = (-l)^\A k )l l<p<m+n 

= (-1)^(1 -5 p + )(B k ) p p l<p<m + n + l 
= (-1)^(1 - S p + )(1 - <^)(1 - 5f) ... (1 - Sf-^BUB^ . . . Bf- 1 
= 5 P + (1- 8%)(1 - ... (1 - S^-^B^B* . . . Bf-^ 
+ (-1)^(1 - <^)(1 - df) ... (1 - 5 q *- l )BlBf 2 Bf 3 . ..Bf-K 
Now we note that 

b\(W qx BlBZ...Bf-^ = T k 
h\b%(BlJ$lBl . . . Bf~^) = B+ . . . B^B+ i+l . . . B'r 1 

T~iT~k—i 

8 p + 8p q j(BV qi BllB% . . . Bf-^) = B+ . . . B?" 1 ^ . . . B?" 1 ^ • • • 

= TiTj-iTb-j for i < j 
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and observe that in each case the terms are of order k (since the subscripts within each 
term sum to k). Similarly we have 



k 



2Qk-l 
V 



(-l)«a»(l%B£fl£ . . . B^) = . . . B^Bl +l ...B: 

;-l) w a?<5?(f%fl£f£ • • • Bf-^) = . . . B%- x Bi +l . . . B%^Bl +i ...B 

= (-l)^(B%T^(B k -% for i < j 



Qk-l 
9i+i ' ' ' "~V 



where each term is also of order k. By defining the summation symbol J^(fc) to be the 
sum of all terms such that the powers of B within each term are positive and sum to k 
(implying that each term is of order k) we can write Ik as 

h = Tk — E TaT6 + ^2r a r b r c - ^2r a r b r c T d + ... 

(fc) (fc) (fc) 

(fc) (fc) (fc) 

Rearranging gives 

Tfc = h - h + E raTfe ~ E raT6rc + E TaTbTcTd ~~ ••• 
(fc) (fc) (fc) 

+ (-i)M - (-i) (p) E W + (-i) (p) - - 

(fc) w w 

which together with proposition [13] completes the proof. ■ 

Theorem 15 The invariants Tk,o~£ can be expressed in terms of products of Casimir 
invariants Ij and Ij where j < k and j < £ + 2. 

Proof: For Tk the proof is obtained by applying Theorem recursively and observing 
that To = 1 and t\ = I\ — I\ (since t\ = B\ = —E+). 
For the an we have 

c- t = B+{A%B\ (l<p,q<m + n) 

= (1 _ 8%)(1 - ^ 2 )...(1 - S"»)B+BgB»..JS%» {\< qi <m + n + l) 

= (i + £ W - E + ■■■) KKK-®T 

\ i i,j i^j i,j,k i^j^k / 

£+1 

= r e+2 - + ^ t t 6 t c - r a T b T c T d + ... (85) 

t=l (£+2) (£+2) 

where again the summation symbol ^^ +2 ) is defined to be the sum of all terms such that 
the powers of B within each term are positive and sum to I + 2. ■ 

As an example, we give cr 2 in terms of r's as 

0- 2 = T 4 - - T 2 T 2 - T3T1 + TxTiTa + T X T 2 T X + 7~ 2 T\ - {j X f . 
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